1ARCING THE EDGE Leo BreimanTechnical Report 486 , Statistics Department University of California, Berkeley CA. 94720 AbstractRecent work has shown that adaptively reweighting thetraining set, growing a classifier using the new weights, andcombining the classifiers constructed to date can significantlydecrease generalization error. Procedures of this type werecalled arcing by Breiman[1996]. The first successful arcingprocedure was introduced by Freund and Schapire[1995,1996]and called Adaboost. In an effort to explain why Adaboostworks, Schapire et.al. [1997] derived a bound on thegeneralization error of a convex combination of classifiers interms of the margin. We introduce a function called the edge,which differs from the margin only if there are more than twoclasses. A framework for understanding arcing algorithms isdefined. In this framework, we see that the arcing algorithmscurrently in the literature are optimization algorithms whichminimize some function of the edge. A relation is derivedbetween the optimal reduction in the maximum value of theedge and the PAC concept of weak learner. Two algorithmsare described which achieve the optimal reduction. Tests onboth synthetic and real data cast doubt on the Schapire et.al.explanation.1,

Introduction1.1

BackgroundThere is recent empirical evidence that significant reductions in generalization error can begotten by growing a number of different classifiers on the same training set and letting thesevote for the best class. Freund and Schapire ([1995], [1996] ) proposed an algorithm calledAdaBoost which adaptively reweights the training set in a way based on the past history ofmisclassifications, constructs a new classifier using the current weights, and uses themisclassification rate of this classifier to determine the size of its vote.In a number of empirical studies on many data sets using trees (CART or C4.5) as the baseclassifier (Drucker and Cortes[1995], Quinlan[1996], Freud and Schapire[1996], Breiman[1996])AdaBoost produced dramatic decreases in generalization error compared to using a single tree.Error rates were reduced to the point where tests on some well-known data sets gave the resultthat CART plus AdaBoost did significantly better than any other of the commonly usedclassification methods (Breiman[1996] ).Meanwhile, empirical results showed that other methods of adaptive resampling (orreweighting) and combining (called "arcing" by Breiman [1996]) also led to low test set errorrates. An algorithm called arc-x4 (Breiman[1996]) gave error rates almost identical toAdaboost. Ji and Ma[1997] worked with classifiers consisting of randomly selected hyperplanesand using a different method of adaptive resampling and unweighted voting, also got low errorrates. Thus, there are a least three arcing algorithms extant, all of which give excellentclassification accuracy.

21. 2

Examples-Arcing Algorithms.A non-negative combination of classifiers with classifier hm(x) having vote cm classifiesinstances this way: lets(j,x) =

cm m ∑ I(hm(x)=j)

(1.1)where I denotes the indicator function. Then x is classified into the class with label =argmaxjs(j, x ). Arcing refers to an algorithm that uses adaptive reweighting of the training setto select the classifiers hm and determine the votes cm . Here are three examples: In the first two examples, suppose we have a fixed classification method, i.e. CART (but manyothers will do) and a training set {(yn , x n ) n=1, ... ,N} where y is a class label taking values in{1, ... ,J}. Suppose that at the mth iteration, probabilities p( m ) ( x n) are defined for the instancesx n . C o n s t r u c t a c l a s s i f i e r h m ( x ) u s i n g t h e w e i g h t e d t r a i n i n g s e t . D e p e n d i n g o n t h e characteristics of h1 , h2 , ... ,hm update the probabilities and assign vote cm to h m . Start withp(1)(xn) =1/N.

Example 1. Adaboost (Freund and Schapire ([1995], [1996] ).Let d(n)=1 if hm(x n) ≠ yn, else d(n)=0. Compute

ε

m=

pn∑ (m)(xn)d(n)

.Set

βm=(1− εm)/εm

, andp(m+1)(

xn

)=p(m)(

xn

)

βmd(n)

/Swhere the /S indicates normalization to sum one. The vote cm assigned to hm is log(

β

m). Example 2. Arc-x4 (Breiman [1997])Define k(n) as the number of misclassifications of

xn

by h1, h2, ... ,hm. Letp(m+1)(

xn

)=(1+k(n)4 )/SAssign vote cm=1 to hm.

Example 3. Random Hyperplanes

(Ji and Ma[1997])This method applies only to two class problems. The set of classifiers H is defined this way:To each direction in input space and point

in the training set corresponds two classifiers.Form the hyperplane passing through

xn

perpendicular to the given direction. The firstclassifier classifies all the points on one side as class 1 and on the other as class 2. The secondclassifier switches the class assignment.Set two parameters

α

>0,

η

>0 such that .5-

η

<

α

<.5. After hm is selected, letp(m+1)(

xn

)=I(k(n)>

α

m)/S

3where I(. ) is the indicator function. Select a hyperplane direction and training set instance atrandom. Compute the classification error for each of the two associated classifiers using thep r o b a b i l i t i e s p ( m + 1 ) . I f t h e s m a l l e r o f t h e t w o e r r o r s i s l e s s t h a n . 5 -

η then keep thecorresponding classifier and give it vote one. Otherwise, reject both and select another randomhyperplane1.3

The Schapire et. al. Theorem and ExplanationAs the arcing continues, more classifiers are combined. The VC-dimension of the combinationincreases as more classifiers are added, but what is observed empirically is that the test seterror continually decreases. Schapire et. al[1997] worked with a function of convexcombinations of classifiers which they called the margin. and defined as follows: if y(x)=j thenmargin(c,x)= s(j,x ) - m a x ( s ( i , x ); i

≠

j). Thus, for any number of classes, the probability oferroneous classification is P(margin(c)<0).The Schapire et.al. paper proves the important result that for the two class case with y adeterministic function of x, if the {xn} are independently drawn from a distribution P* on alarger space and P is equidistributed on the {x n } , then with probability greater then 1-

δ

, forall c and

θ

>0 , the generalization error P*(margin(c)<0) can be bounded by P(margin(c ) <

θ

)plus a function depending only on

θ

,

δ

, d, N. Here d is the VC-dimension of the set ofclassifiers H from which the individual classifiers in the combination are selected.This result shifted focus from trying to minimize P(margin(c)<0) to minimizing P(margin(c)<

θ

)for positive values of

θ

. In particular, the Schapire et.al. paper then explains the success ofAdaboost in lowering test set error as compared to bagging (Breiman, [1996b]) and to error-correcting output coding (Kong and Dietterich [1995]) by Adaboost’s ability to producegenerally higher margins.1.4

Our StudyOne question is: what do the three arcing algorithms described in Section 1.2 have in common?In this paper we give a simple framework that begins by defining a function on the training setcalled the edge which is similar to the margin. We then show that there is a large class ofalgorithms, including all of the arcing examples in Section 1.2, that work by minimizing afunction of the edge. This framework leads to the construction of algorithms leading to optimalreductions in the size of the maximum value of the edge. But then, applying one of thesealgorithms to a variety of data sets gives results which are the opposite of what we wouldexpect given the Schapire et. al. explanation of why arcing works.2.

Framework and EdgeAssume that there is a space of N input vectors X = { x n } such that to each x n, is associated a classlabel yn which has a value in {1, ... ,J}. We are given an ensemble H of M classifiers {hm ( x ) } s u c h t h a t e a c h h m ( x ) also takes values in {1, ... ,J}. In addition, there is a probabilitydistribution P(xn) on X and we assume P(xn)>0 for all n. Call the set em={xn; hm(xn)

≠

yn} theerror set of hm, and let i(x ,em)=I(x

∈

em) be the indicator function of em.

Definition 1.1. L e t c = { c m } b e a c o l l e c t i o n o f n o n - n e g a t i v e n u m b e r s ( v o t e s ) s u m m i n g t o o n e . T h e e d g e ( c ) is the function of x given by the convex combination edge(c)=

cm m ∑ i(x,em)

4The combined classifier with votes {cm} predicts argmaxj s(j,x ) (see 1.1). For two classes,m a r g i n ( c)=1-2edge( c ) and, ignoring ties, the probability of an erroneous classification on X isP ( e d g e ( c)>1/2). In general margin( c )

≥

1-2edge( c ), so P(margin(c)<

θ

)

≤

P(edge( c )>(1-

θ

)/2).The implication of the Schapire et.al. work is that values of c that give generally low valuesof edge(c) on the training set will also lead to low generalization error. The intuitive idea isclear: if, in the training set, it is rare that over 1/4th, say, of the votes in a combined classifierare wrong, then the probability that in the parent space, over 1/2 of the weighted votes arewrong, is small. In this paper, we study algorithms producing low edge values.The objective, given the set H of classifiers and the class labels {yn} is to find c v a l u e s minimizing P(edge(c)>

ϕ

) for small values of

ϕ

. Define the bottom edge

ϕ

* as the minimumvalue of

ϕ

such that inf c P ( e d g e ( c ) >

ϕ

)=0. In Section 3

ϕ

* is characterized, using the dual of alinear program, in a way that gives insight into the PAC concept of weak learning.There are some fairly obvious algorithms available to minimize P(edge(c)>

ϕ

) or, moregenerally, to minimize Ef(edge(c)) for f(x) an increasing function, For instance, a linearprogramming method can be used to minimize P(edge(c)>

ϕ

). But there are side conditions onthis objective. The algorithms permitted are only those which can be implemented in morerealistic situations. This class, which we call arcing algorithms, are defined in Section 4.The sections 5 and 6 define two classes of arcing algorithms. One class is called unnormalizedand the other normalized . A convergence proof is given for each. We note that Adaboost is aunnormalized arc algorithm, while arc-x4 and random hyperplanes are normalized arcalgorithms.In general, the algorithms that converge to a c such that P(edge(c)>

ϕ

)=0 use a prespecifiedvalue of

ϕ

. In section 7 we show that there are universal arcing algorithms, i.e. algorithmsthat converges to a value of c such that P(edge(c)>

ϕ

)=0 for all

ϕ

>

ϕ

*. Section 8 presents somesurprising empirical results and Section 9 gives concluding remarks.3.

The Bottom Edge

Definition 2.1 T h e b o t t o m e d g e

ϕ *

is the infinum of those values of

ϕ

such thatinf c P ( e d g e ( c ) >

ϕ

)=0.

Theorem 2.2

ϕ *=max

Q

min m

Q(e m )

where the maximum is over all probabilities Q on X .proof: Let

φ

=

maxQ minm Q(em)

and consider minimizing the function g(c )=E(edge(c)-

ϕ

)+ wherex+ is the positive part of x, and E is expectation w.r. to P on X . If

ϕ

>

ϕ *

then the minimum iszero. Denoting pn=P(

xn

), the minimization can also be casted as the linear programmingproblem: minimize

unn∑ pn

under the constraints

un≥

0,

un≥ cmm∑ i(xn,em)− ϕ

,

cm≥

0,

cm=1 m∑

The dual problem is: maximize

− ϕ λ nn∑ +z

under the constraints

λ n≥

0,

λ n≤ pn

,

z≤ λ nn∑ i(xn,em)

5This is equivalent to: maximize

− ϕ λ nn∑ +minm λ nn∑ i(xn,em)

under the constraints 0

≤λ n≤pn

.Suppose there is a set of {

λ n

} that make this expression positive. Setting Q(

xn

)=

λ n/ λ nn∑

,then

minm Q(em)>ϕ

implying

φ≥ϕ *

. On the other hand, take Q so that

φ =minm Q(em)

, and let

λ n

= rQ(

xn

) where r >0 is taken so that

λ n≤ pn

, all n. Then the maximum is bounded below by

r(φ − ϕ )

, so

φ ≤ϕ *

. In PAC terminology, H is a weak learner if

ϕ *

<1/2. Put another way, the bottom edge is <1/2only if H is a weak learner.4.

Permissible Algorithms are ArcingMany algorithms can be constructed to minimize the function Ef(edge(c ) ) u n d e r t h e n o n - n e g a t i v i t y a n d s u m o n e c o n s t r a i n t s o n c. We will restrict attention to the class of arcingalgorithms--e.g. those algorithms that use adaptive reweighting to determine the selection ofthe current classifier and its vote.We assume an iterative algorithm such that at each step:i) The algorithm defines a probability Qk( x n ) depending on the training set misclassificationsand votes of the first k-1 classifiers selected.ii) The kth classifier selected is hm * wherem*=argminm

Qk(em)

iii) The vote cm* is determined from the training set misclassifications of hm* and the trainingset misclassifications and votes of the first k-1 classifiers selected.The restriction ii) is the most useful and interesting. It says that given Q, we select that hm inH having minimum Q-error probability. Given an infinite class H, it is usually not feasible inpractice to select the minimum Q-error classifier in H. But various construction and fittingmethods are used to try and approximate the minimum.5.

Unnormalized Arc Algorithms5.1

DescriptionLet f(x)

→ ∞

as x

→ ∞

, to 0 as x

→ − ∞

, and have everywhere positive first and secondderivatives. For non-negative weights {bm} denote (b , i (

xn

))=

bm m∑ i(xn,em)

and

|b|= bm∑

.Assuming that

ϕ >ϕ *

, we want to minimize g(b)=Ef((b,i)-

ϕ

|b|) starting from b=0.

Unnormalized AlgorithmAt the current value of b l e t

Q(xn)= f'((b,i(xn))− ϕ |b|)/ f'((b,i(xn))− ϕ |b|) n ∑

and m*=argminm

Q(em)

Add

Δ

>0 to bm* and do a line search to minimize g( b +

Δum*

) over

Δ

>0 where

um*

is a unit vector in the direction of

bm*

. If the minimizing value of

Δ

is

Δ*

then update b

→

b+

Δ*um*

. R e p e a t u n t i l c o n v e r g e n c e .

6Comments. Note that

∂g(b)/∂bm=E(i(em)− ϕ )f'((b,i)− ϕ |b|)

so the minimum value of the first partial of the target function g(b ) is in the direction of bm*.This value is negative, because it is less than or equal to

(ϕ *− ϕ )Ef'((b,i)− ϕ |b|)

. Furthermore,the 2nd derivative of g(b+

Δum*

) with respect to

Δ

is positive, insuring a unique minimum inthe line search over

Δ

>0.5.2

Convergence

Theorem 5.1. Let

b(k)

be the successive values generated by the unnormalized arc algorithm,and set

c(k)=b(k)/|b|

. Then for c any limit point of the

c(k)

sequence, P(edge( c )>

ϕ

)=0.proof. It suffices to show that

|b(k)|→ ∞

, since writing

(b(k),i)− ϕ |b(k)|=|b(k)|(edge(c(k))− ϕ )

shows that unless

P(edge(c(k))>ϕ )

goes to zero,

g(b(k))→ ∞

. I f

|b(k)|

does not go to infinity,then there is a finite limit point b*. But every time that b(k) is in the vicinity of b *, g(b (k))decreases in the next step by at least a fixed amount

δ>0

. Since g(b(k)) is monotonic decreasing,and non-negative, this is not possible.comments: i) From this argument, its clear that cruder algorithms would also give convergence,since all that is is needed is to generate a sequence

|b(k)|→ ∞

such that

g(b(k))

stays bounded.In particular, the line search can be avoided (see Section 7). ii) if we take (w.l.o.g) g(0)=1, thenat the kth stage

P(edge(c(k))>ϕ )≤g(b(k))

. ii) The simplest function f(x) satisfying theconditions for the unnormalized algorithm is ex. We denote unnormalized algorithms based onthis function by arc-ex.5.3.

Adaboost is an arc-ex algorithm with

ϕ

=1/2For f(x)=ex,

f((b,i)− ϕ |b|)=e− ϕ |b| ebmi(em) m ∏

Denote

π(n)= ebmi(em) m∏

, set

Q(xn)=π(n)/ π(n)∑

, and m*=argminmQ(em). Set

εm=Q(em*)

. Wefind the line search step by setting

E(i(em)− ϕ )f'((b+Δum*,i)− ϕ |b|− ϕ Δ)

=0.Solving gives

Δ*=log(ϕ /(1− ϕ ))+log((1− εm)/εm)

. The update for Q is given by

π(n)→ π(n)eΔ*i(em*)

. For

ϕ

=1/2 this is the Adaboost algorithm described in Section 1.

76. Normalized Arc Algorithms6.1

DescriptionThe normalized arc algorithms work directly with

(b,i)/|b|

so the coefficients are normalized tosum one at all steps. The algorithm minimizes

Ef((b,i)/|b|)

where f’(x) is non-negative andf’’(x) is continuous and non-negative for all x

∈

[0,1]. Let c=b/|b|.

Normalized AlgorithmAt the current value of b , if

Ef'((c,i))=0 then stop. Otherwise, let

Q(xn)= f'((b,i(xn)/|b|)/ f'((b,i(xn)/|b|) n∑

and m*=argminm

Q(em)

. If

Q(em*)≥EQ(c,i)

, then stop. Otherwise let

bm*=bm*+1

and repeat.Comments: Note that

∂Ef((b,i)/|b|)/∂bm= 1|b|E(i(em)− (c,i(xn)))f'((b,i)/|b|)

.The smallest partial derivative is at m=m*.6.2

Convergence

Theorem 6.1 L e t c b e a n y s t o p p i n g o r l i m i t p o i n t o f t h e n o r m a l i z e d a r c a l g o r i t h m . T h e n c is aglobal minimum of Ef(edge(c ) ) . proof: Let f’(x)>0 for x>

ϕ

and zero for x

≤ϕ

. If

ϕ

<

ϕ *

or if f’(x)>0 for all x then

Ef'((c,i))=0

isnot possible. We treat this case first. Suppose the algorithm stops after a finite number of stepsbecause

Q(em*)≥EQ(c,i)

. Then

E(i(em*)f'((b,i)/|b|)≥ cmE(i(em)f'((b,i)/|b|) m∑ |)

(6.1)This implies that for all m, either cm=0 or

Ei(em*)f'((b,i)/|b|)=Ei(em)f'((b,i)/|b|)

(6.2)Consider the problem of minimizing Ef((c,i)) under non-negativity and sum one constraints on c.The Kuhn-Tucker necessary conditions are that there exist numbers

λ

and

μm≥0

such that ifcm>0, then

∂Ef((c,i))/∂cm=λ

. If cm=0, then

∂Ef((c,i))/∂cm=λ +μm

. These conditions followfrom (6.1) and (6.2).Now suppose that the algorithm does not stop after a finite number of steps. After the kth step,let c(k+1) be the updated c (k). Then

(c(k+1),i)− (c(k),i)=(i(em*(k))− (c(k),i))/(k+1)

(6.3)Denote the right hand side of (6.3) by

δk(xn)/(k+1)

. Using a partial Taylor expansion gives

Ef((c

(k+1)

,i))− Ef((c (k) ,i))=

1

(k+1)

Eδ k f'((c (k) ,i))+

γ

(k+1) 2

(6.4)The first term on the right in (6.4) is negative for all k. Since

Ef((c,i))

is bounded for all c,

1(k+1)Eδk f'((c(k),i)) k∑ <∞

(6.5)So, except possibly on a non-dense subsequence of the {k},

Eδk f'((c(k),i))→ 0

(6.6)Take a subsequence of the k for whic h (6.6) holds such that

m*(k)→ m*,c(k)→ c

. Then thesituation of (6.2) is in force. Since f’’(x)

≥

0 on [0,1], then

Ef((c,i))

is convex in c, and a point csatisfying the Kuhn-Tucker conditions is a global minimum. Furthermore, since the first termon the right of (6.4) is negative (non-stopping), then (6.4) implies that the entire sequence

Ef((c(k),i))

converges. Thus, all limits or stopping points of the

c(k)

are global minimumpoints of

Ef((c,i))

.Now examine the case

ϕ ≥ϕ *

. Clearly f(0)

≤

for any c . If there is stopping at anypoint because

Ef'((c,i))=0

then

Ef((c,i))

=f(0). Otherwise, note that for any c , E(c,i) f ’ ( ( c,i))

≥ϕ

E( c , i ) f ’ ( ( c,i)). Hence

E(i(em*)− (c,i))f'((c,i)≤(ϕ *− ϕ )Ef'((c,i))

(6.7)If

ϕ >ϕ *

the right side of (6.7) is strictly negative and the algorithm never stops. Then theargument used in the proof of Theorem 5.1 gives a subseqence satisfying (6.6). For any limitpoint c and m*,

E(i(em*)− (c,i))f'((c,i))

=0 which implies

P((c,i)>ϕ )=0

. If

ϕ =ϕ *

and thealgorithm stops, then

=0 , implying

. If it does not stop,the same conclusion is reached. In either case, we get

=f(0).One version of the normalized algorithm starts with a function g(x) defined on [-1,1] such thatg’(x) is zero for x

≤

0, positive for x>0, and g" continuous, bounded and non-negative. For

define f(x)=g(x-

ϕ

). Applying the algorithm to this f(x) gives the following result:

Corollary 6.2 F o r c a n y l i m i t o r s t o p p i n g p o i n t o f t h e n o r m a l i z e d a l g o r i t h m , P ( e d g e ( c,)>

ϕ

)=0.proof: P(edge(c) >

ϕ

)=0 is necessary and sufficient for a global minimum of g((c,i)).comments: i) A line search for the minimum in the direction of increasing bm* could also be donein the normalized algorithms and would speed convergence. Whether it is worth itcomputationally is unclear. ii) Taking (w.o.l.g) g(0)=1 gives the upper bound6.3

Arc-x4 is a normalized arc algorithmIn normalized arcing, each new classifier get a unit vote. Hence, the proportion ofmisclassifications of

xn

is

(c,i(xn))

. At each stage in arc-x4, the current probability Q(

xn

) isproportional to

(c,i(xn))4

. Hence, the arc-x4 algorithm is minimizing

E(edge(c))5

.

96.4.Random Hyperplanes is (almost) a normalized arc algorithmTake

ϕ >ϕ *

and consider trying to minimize

E((c,i))− ϕ )+

using the normalized algorithm. Ateach stage, the current probability Q(

xn

) is proportional to

I((c,i(xn))− ϕ >0)

where I (

•

) is theindicator function, and this is the Ji-Ma reweighting. In the standard form of the normalizedalgorithm,

em*

minimizes

Q(em)

and the corresponding b value is increased by one. Because x+does not have a bounded 2nd derivative and because the Ji-Ma algorithm does only a restrictedsearch for the minimizing em, the normalized arc algorithm has to be modified a bit to makethe convergence proof work.Take

ε

>0 small, and g(x) on [-1,1] such that g’(x)=0 for x

≤

0, g’(x)=1 for x>

ε

, and g’(x) in [0,

ε

]rising smoothly from 0 to 1 so that g"(x) is continuous, bounded and non-negative on [-1,1]. Nowlet

ϕ >ϕ *

and consider minimizing

Eg((c,i)− ϕ )

. Take

δ

>0 and at each stage, search randomlyto find a classifier hm such that

Q(em)≤ϕ *+δ

. Then as long as

ϕ *+δ− ϕ <0

, the result ofTheorem 4.2 holds.The original Ji-Ma algorithm sets the values of two parameters

α

>0,

η

>0. In our notation

ϕ =α ,ϕ *+δ=.5− η

. Ji and Ma set the values of

α ,β

by an experimental search. This is notsurprising since the key value

ϕ *

is unknown.7.

Universal Arcing AlgorithmsThe algorithms in Sections 4 and 5 for finding a c s u c h t h a t P ( e d g e ( c ) >

ϕ

)=0 depend on settingthe value of the parameter

ϕ

. They assume knowledge of

ϕ *

, select a fixed

ϕ >ϕ *

and find a csuch that P(edge(c)>

ϕ

)=0. Assuming we do not know

ϕ *

is there an arcing algorithm that willconverge to a c such that P(edge( c ) >

ϕ

)=0 for all

ϕ >ϕ *

? We describe two such algorithmswhich we call arc-u1 and arc-u2. Both are of unnormalized type using the function ex, but donot use line searches to set the step size.

arc-u1 algorithmDefine a sequence of step sizes

Δ

k so that

Δk→ 0, Δk k∑ =∞

. After the kth step, denote

π(n)= ebmi(em) m∏

, set

Q(xn)=π(n)/ π(n)∑

, and m*=argminmQ(em). Increase bm* by

Δ

k. Theupdate for Q is given by

π(n)→ π(n)eΔki(em*)

.Theorem 7.1 Any limit point c o f t h e a r c c u 1 a l g o r i t h m s a t i s f i e s P ( e d g e ( c)>

ϕ

)=0 for all

ϕ >ϕ *

.proof: Note that

P((b,i)>ϕ |b|)≤e− ϕ |b|E ebmi(em) m∏

After k steps, denote the right hand side by fk and

εk=Q(em*)

. Then

fk+1=e− ϕ |b|e− ϕ ΔkEeΔki(em*) ebmi(em) m∏

so

fk+1=e− ϕ Δk (1+(eΔk −1)εk)fk

.(7.1)Then

fK+1= e− ϕ Δk (1+(eΔk −1)εk) k=1K∏

and

log( fK+1)=− (Δkk=1K∑ (ϕ − εk)− O(Δk2 ))

(7.2)Since

εk≤ϕ *

, (7.2) implies that

fK+1→ 0

for all

ϕ >ϕ *

.We note that arc-u1, with its small bm* increases, may be slow to converge compared to theunnormalized algorithms utilizing line searches. Using a small constant increase

Δ

willproduce a c such that P(edge(c) >

ϕ

)=0 for all

ϕ >[ϕ */(1− Δ)]+O(Δ2)

. algorithm arc-u2This algorithm is the same as arc-u1 except for the step size. Fix some upper bound b<1 for

ϕ *

,say, for instance, b=.9. At the current step, let

ε

=Q(em*), and let s=min(maxn

(c,i(xn))

, b).Define the step size as

Δ=log(s/(1− s))+log((1− ε )/ε )

Update Q as in arc-u1.Theorem 7.2 Any limit point c o f t h e a r c - u 2 a l g o r i t h m s a t i s f i e s P ( e d g e ( c)>

ϕ

)=0 for all

ϕ >ϕ *

proof: At the kth step, let sk=min(maxn

(ck,i(xn))

, b) and

εk

=Q(em*). Then,from (7.1)

fk+1/ fk=(1− εk1− sk )1− ϕ (εksk )ϕ

Taking logs and using the fact that

εk≤ ϕ *

gives

log( fk+1/ fk)≤(1− ϕ )log(1− ϕ *)+ϕ log(ϕ *)− (1− ϕ )log(1− sk)− ϕ log(sk)

Take

ϕ >ϕ *

. The function

θ(s)=(1− ϕ )log(1− ϕ *)+ϕ logϕ *− (1− ϕ )log(1− s )− ϕ logs

is negative for

ϕ *<s<h(ϕ )

where

h(ϕ )>ϕ

. Let

s=limsup(sk)

. Since

s≤

b,

fk→ 0

for

ϕ ≤h− 1(b)<b

, hence

s≤h− 1(b)

. Repeating this argument leads to the conclusion that

s=ϕ *

.

11Comments: Schapire et.al.[1997] note that the Adaboost algorithm produces a c such thatP(edge(c) >

ϕ

)=0 for all

ϕ >(log2+log(1− ϕ *))/(− log(ϕ *)+log(1− ϕ *))

(7.3)(my version of their remark). If , for instance,

ϕ *

=.25, the lower limit in (7.3) is .37.8.

Empirical ResultsIn realistic settings, the number of classifiers is infinite. For instance, we will work with theset H of all CART classification trees with a minimum node size L. Given a probabilty Q onthe training set, it is not computationally feasible to find the classification tree in H thatminimizes Q(em). Instead, procedures such as CART use a stepwise method to find anapproximate minimizer. The trees constructed in the experiments described below were baseddirectly on the weighted training set and not on a training set formed by random resampling..One can use the framework of the preceding sections to study what happens on a number ofsynthetic and real data sets. In particular, the Schapire et. al. explanation implies that thefor an algorithm procducing a convex combination c of classifiers, the lower the value oftop(c)= maxn

(c,i(xn))

, the lower the test set error. This implication can be checkedempirically by comparing the results of running Adaboost and arc-u2.Arc-u2 converges most rapidly if the bound b is not too much larger than

ϕ *

. In all of our runs,we took b=.5. A minor modification was made to arc-u2. Since an exact minimum of Q(em) isnot guaranteed, then for the classifier hm* selected, Q(em*) may be larger than the currentvalue of top(c). If so, the step size is negative. To prevent this, we take

δ>0

small such that ifthe computed step size is smaller than

δ

, it is set equal to

δ

.In the runs we made, L was set equal to 10. The first set of runs involved four sets of syntheticdata, of dimension 21,20,20,20 with 300 instances in the training sets and using a 3000 membertest set. The fist data set had three classes, the others two. For definitions, see Breiman[1996].The runs were repeated 10 times with newly generated data and 100 steps of each algorithmwere taken in each run. Both algorithms were given the same training and test sets. At theend of a run, top(c) and the test set errors were computed. These were averaged over the 10repetitions and the results given in Table 1.

Table 1 Synthetic Data-- Top(

c)(x100)andTestSetError(%)

Adaboost Arc-u2 d a t a s e t

TestSetError Top( c) TestSetError Top( c)w a v e f o r m 1 8 . 4 2 4 . 2 1 8 . 6 1 0 . 9 twonorm5.92 3 . 5 8.85.2threenorm1 8 . 6 2 4 . 1 1 8 . 3 1 1 . 1 ringnorm7.72 0 . 5 1 0 . 4 6.0In the next experiment, real data sets were used and Adaboost and arc-u2 compared. The datasets are mostly the same ones used in Breiman [1996] and [1996b] and, except for the heart data,a r e i n t h e U C I r e p o s i t o r y . T h e y c o n s i s t o f s i x m o d e r a t e s i z e d a n d t h r e e l a r g e r d a t a s e t s . A summary is given in Table 2.

12Table 2

Data Set Summary

Data Set#Training #Test #Variables #Classesheart1395 140162breast cancer 6997092ionosphere35135342diabetes7687782glass2142196soybean683683519------------------------------------------------------------------------------------------letters15,00050001626satellite4,4352000366DNA 2,0001,186603With the moderate-sized data sets, ten runs were made with 100 steps of each algorithm perrun. In each run, 10% of the data was selected at random and held out as a test set. The resultsin Table 3 are the averages over the 10 runs.

Table 3 Moderate Size Data--Top(

c) (x100) and Test Set Error(%)

Adaboost Arc-u2 d a t a s e t

TestSetError Top( c)TestSetError Top( c)h e a r t .141 4 . 9 1 . 9 2.4breast cancer2 . 9 1 3 . 9 3 . 7 1 1 . 3 i o n o s p h e r e 4 . 6 1 3 . 1 8 . 3 2.5d i a b e t e s 25.22 6 . 6 26.02 1 . 6 g l a s s 26.23 2 . 6 28.63 0 . 6 soybean6 . 9 4 5 . 4 6 . 9 4 5 . 3 T h e l a r g e r d a t a s e t s w e r e a l r e a d y s p l i t i n t o d e s i g n a t e d t r a i n i n g a n d t e s t s e t s . T h e r e s u l t s shown in Table 4 are based on single runs of 100 steps for each algorithm

Table

4 Larger Size Data--

Top(

Adaboost Arc-u2 dataset TestSetError Top( c) TestSetError Top( c)l e t t e r s 2 . 5 2 8 . 5 2 . 9 2 5 . 6 s a t e l l i t e 8 . 6 2 9 . 5 9 . 2 2 1 . 4 D N A 4 . 1 2 9 . 7 4 . 5 2 9 . 2 9 RemarksThe Schapire et. al. [1997] explanation for the success of Adaboost in producing lowergeneralization error was that it acted on the training data in a way that increased the margin,i.e. decreased the edge. In particular, since Adaboost is a unnormalized algorithm, it’s aimedat producing lower values of top(c). On the other hand, as seen in the empirical results ofSection 8, arc-u2 produces consistently lower values of top(c) than Adaboost, yet has generallyhigher test set error.

13We believe that the reason for this is that the push toward lower values of top(c) producesoverfitting of the training data. For the moderate sized data sets, Tables 5 compares the testset values and top(c) for 50 steps of arc-u2 to the values for 100 steps.

Table 5 Moderate Size Data--Top(

c) (x100) and Test Set Error(%) for Arc-u2

50steps 100steps d a t a s e t

TestSetError Top( c)TestSetError Top( c)h e a r t 1 . 4 4.21 . 9 2.4breast cancer3 . 4 1 3 . 0 3 . 7 1 1 . 3 i o n o s p h e r e 6 . 9 4.68 . 3 2.5d i a b e t e s 26.42 3 . 5 26.02 1 . 6 g l a s s 27.63 2 . 0 28.63 0 . 0 soybean6 . 9 4 5 . 5 6 . 9 4 5 . 3 For most of the data sets, although top(c) decreases as we go from 50 to 100 steps of arc-u2, theerror rate increases. The Schapire et. al. bound is loose and does not track the the effects ofoverfitting. The implication that the authors draw from their bound is that the lower thevalue of top(c) the lower the resulting generalization error. But the empirical results do notsupport this.The framework given in Section 2 and 3 provides a simple setting for understanding arcingalgorithms. But the empirical results suggest complex behavior for the generalization error.We will have to go deeper into the mystery to understand more fully why arcing works.10

AcknowlegementI am indebted to Yoav Freund for providing me with an early draft of the important work onmargins by Schapire et.al. [1997]. This paper helped to crystallize˚some of my thinking aboutarcing and resulted in the present study.

ReferencesBreiman, L. [1996] Bias, Variance, and Arcing Classifiers, Technical Report 460, Statistics Department, University of California (available at www.stat.berkeley.edu)Breiman, L. [1996b] Bagging predictors , Machine Learning 26, No. 2, pp. 123-140Drucker, H. and Cortes, C. [1995] Boosting decision trees, Advances in Neural Information Processing Systems Vol. 8, pp. 479-485.Freund, Y. and Schapire, R. [1995] A decision-theoretic generalization of on-line learning and an application to boosting. to appear , Journal of Computer and System Sciences.Freund, Y. and Schapire, R. [1996] Experiments with a new boosting algorithm, Machine Learning: Proceedings of the Thirteenth International Conference, pp. 148-156Ji, C. and Ma, S[1997] Combinations of weak classifiers, Special Issue of Neural Networks and Pattern Recognition, IEEE Trans. Neural Networks, Vol. 8, pp. 32-42Kong, E. and Dietterich, T., [1996] Error-correcting output coding corrects bias and variance, Proceedings of the Twelfth International Conference on Machine Learning, 313-321

14Quinlan, J.R.[1996] Bagging, Boosting, and C4.5, Proceedings of AAAI’96 National Conference, on Artificial Intelligence, pp. 725-730.Schapire, R.,Freund, Y., Bartlett, P., and Lee, W[1997] Boosting the margin, (available at http://www.research.att.com/~yoav look under "publications".)